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The divergent part of the generating functional of the Resonance Chiral Theory is evaluated up to one loop 
when one multiplet of scalar and pseudoscalar resonances are included and interaction terms which couple up to 
two resonances are considered. Hence we obtain the renormalization of the couplings of the initial Lagrangian 
and, moreover, the complete list of operators that make this theory finite, at this order. 



1. Introduction 

With the current experimental and theoretical 
information it is known that Quantum Chromo- 
dynamics (QCD) describes correctly the hadronic 
physics. Because of the running of a s , one is 
not able to apply directly this procedure at low 
energies, where confinement prevents the use of 
the perturbative QCD -non-perturbative QCD is 
then needed-. 

An alternative approach consists in an effec- 
tive theory description in terms of the suitable 
degrees of freedom, which has been very success- 
ful in different branches of Particle Physics |1I2) . 
The main feature of this approach is the use of an 
effective Lagrangian with local operators involv- 
ing only light particles, where the heavy particles 
have been integrated out. The high-energy dy- 
namics is only kept in the low-energy couplings 
and through the symmetries of the full theory. 

At very low energies Chiral Perturbation The- 
ory (xPT) is the effective theory of QCD, as dic- 
tated by the spontaneous breaking of the chiral 
symmetry, which allows the description of the 
hadronic regime in terms of the pseudo-Goldstone 
bosons, the pion multiplet, with a perturbative 
expansion in powers of the soft external momenta 
and masses of the pseudoscalar mesons 1) . 

We are interested in QCD at energies be- 
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tween the p mass and 2 GeV, where the absence 
of a mass gap and the abundance of resonan- 
ces make the effective theory approach more in- 
volved. Moreover there is no natural expansion 
parameter, since the use of the chiral counting is 
no longer valid at these energies. 

Large-Ac QCD provides an adequate frame- 
work to fulfill this aim. In this limit the Green 
Functions are described by the tree diagrams of 
an effective Lagrangian with local operators and 
an infinite number of meson fields, being higher 
corrections described by loops |5l(ij . 

Our approach involves using the Resonance 
Chiral Theory (R X T) J;8 , which describes QCD 
at intermediate energies (M p ^ E < 2 GeV) in 
terms of scalar, pseudoscalar, vector and axial- 
vector resonances besides the pseudo-Goldstone 
bosons. Although R X T follows the 1/Nc expan- 
sion, a model dependence appears when we con- 
sider only a finite number of resonances |5] ■ Actu- 
ally this approximation is supported by the phe- 
nomenology and by the assumption that heavier 
resonances are suppressed by their masses. 

Another remark is needed to understand the 
effective approach and particularly R X T: one is 
not working with an effective theory of QCD un- 
til the matching is considered pQ. In this case, 
the matching at very low energies supports the 
use of the chiral symmetry in order to construct 
the Lagrangian and gives the leading contribu- 
tions to the low energy couplings (LEC's) of 



%PT |7I1()I11| : the matching at very high ener- 
gies, via the operator product expansion and the 
Brodsky-Lepage conditions for the form factors, 
constraints the RxT couplings |1UI12| . 

Quantum loops in the R%T are necessary to im- 
prove the predictions and to get a better know- 
ledge of non-perturbative QCD. At the scale of 
energies available experimentally nowadays, the 
importance of non-perturbative QCD to distin- 
guish New Physics effects is obvious. 

The aim of this work is to make a first step in 
the renormalization of the RxT the diver- 

gent part of the one-loop generating functional is 
evaluated when one multiplet of scalar and pseu- 
doscalar resonances are included, and we allow 
for operators which couple up to two resonances. 
We obtain the renormalization of the couplings 
and the complete list of operators that make this 
theory finite at this order. 

2. The Resonance Effective Theory with 
scalar and pseudoscalar resonances 

Due to the large- Nc limit |5I6) . U (3) multiplets 
for the spectrum are considered, while we prefer 
SU(3) external currents as we are not interested 
in anomaly related issues. We allow for operators 
that contain pseudo-Goldstone bosons and states 
from the first multiplet of scalar and pseudoscalar 
resonances. 

Although in the initial RxT Lagrangian [7] 
only interaction terms with one resonance were 
included, we think that it is more convenient to 
consider here operators which couple up to two re- 
sonances, like in the kinetic pieces. Furthermore 
in a previous work |14j it was conjectured that 
these new terms with more resonances are needed 
to keep the good short-distance behaviour at one 
loop; though this statement was not proved, it 
was observed that these terms eased the bad high- 
energy behaviour at tree level of some form fac- 
tors with resonances in the final legs, two facts 
that seem to be related. In any case the require- 
ment of the smooth behaviour of these form fac- 
tors is an open question |15j . 

As mentioned in the introduction, the short- 
distance properties of the underlying QCD must 
be implemented in the effective Lagrangian. This 



procedure establishes constraints among its cou- 
plings. Moreover, by considering the results of 
the Green functions of QCD through the operator 
product expansion (OPE), it turns out that reso- 
nance interactions with large number of deriva- 
tives are excluded. Therefore it seems natural to 
consider only operators with the minimum num- 
ber of derivatives in the leading Lagrangian, an 
approximation which is corroborated by the phe- 
nomenology. 

With all these ingredients our Lagrangian 
reads: 

£ RxT (S,P) = 4 2) + £ ki „(S,P) + £ 2 (S) 

+ £ 2 (P) + £ 2 (S,P), (1) 

where the first piece is the 0(p 2 ) x?T La- 
grangian, 

£f = ^-{u^ + X+ ), (2) 

where, as it is usual, < ... > is short for the 
trace in the flavour space and the other terms 
in Eq. introduce the terms with scalars and 
pseudoscalars, which have been split into the ki- 
netic part, 

£ kin = ~ ]T (V^i?V M i? - M 2 R R 2 ), (3) 

R=S,P 

and the 0(p 2 ) interactions linear and bilinear in 
the scalar and pseudoscalar fields [11113116] . 

£ 2 (S) = c d {Su^) +c m (Sx+) 

+\f s ( S 2 ) + Xf( Su^Su" ) 
+Af(S 2 X+ ), (4) 

£ 2 (P) = id m {P X -)+Xl v {P 2 u^u ll ) 

+\ PP \Pu,Pun + X PP \P 2 x+> ,(5) 

£ 2 (S,P) = \f{{\/,S,P}u») 

+ i\f{{S,P} X -). (6) 

The notation of Ref.01] is followed. 

Note that as our Lagrangian satisfies the Nc 
counting rules for an effective theory with C/(3) 
multiplets, only operators that have one trace in 
the flavour space are considered. 



3. Divergent part of the one-loop genera- 
ting functional 

In order to evaluate the divergent part of 
the one-loop generating functional, an expansion 
around the classical solutions is made, in the 
spirit of the background field method 1 7 . In 
our case, as we have pseudoscalar Goldstones, 
scalar and pseudoscalar resonances, one defines 
the quantum fluctuations as: 

ur = u c i e lA/2 , S = Sd + -i=e s , 

u L = ul e- lA ' 2 , P = P cl + -^=e P , (7) 
with 

A = W/F, e s = e Sl X i: e P = e Pi Aj. (8) 

In the following we will drop the subindex 'cT and 
all the fields will be understood to be classical. 

Inserting this expansion into the Lagrangian 
of Eq. m, and retaining terms quadratic in the 
quantum fields, we obtain the second-order fluc- 
tuation Lagrangian, which, after considering the 
equations of motion, can be written as: 

A£r x t = + A) r, T , (9) 

where r\ collects the fluctuations , r\ = 
(Ai,£ Sj ,e P ^j, i,j,k = 0, ...,8 , t] T is its trans- 
posed and and A are 27 x 27 matrices .13; ■ 

With the second-order fluctuation Lagrangian, 
and using the heat kernel techniques |13I17| . one 
is able to identify the divergences of the one-loop 
generating functional, specified by the action 

Si = l - In det (E^W + A) . (10) 

Dimensional regularization is used to renormalize 
this determinant. Employing then the Schwinger- 
DeWitt proper-time representation, the divergent 
part of the action Si is found to be 

where denotes the field strength tensor of Y^, 
Y MV = M y„ - + Y v ] , (12) 
where Y^ is defined through the splitting 

= + (Y^h • (13) 



4. Results and conclusions 

In the renormalization of effective field theo- 
ries by means of dimensional regularization, Sf lv 
might be absorbed by the redefinition of the cou- 
plings of the next-to-leading Lagrangian, getting 
thus a finite quantum field theory at this order. 
In our case we get the following subleading La- 
grangian, 

18 68 383 

ci = ^o t ^2pfof^pf R of R m 

i—l i—l i — l 

The Oi, Of and O rr operators involve zero, one 
and two resonance fields respectively. The cou- 
plings in the bare Lagrangian Ci read: 

(15) 

where -fi, j R and y RR are the divergent coeffi- 
cients given by Sf lv that constitute the /3-function 
of our Lagrangian. The list of these operators, 
needed for the renormalization, and the values 
of ji, j R and ~f RR , which fix the running of the 
couplings, appear partially in |13| and fully in 
http : //if ic .uv . es/quiral/rt Hoop .html. 

Some remarks are convenient here in order to 
understand these results: 

1. To be consistent with the initial election, 
we have considered only the operators Oi in 
equation i|14|) which couple up to two reso- 
nances. Moreover, as explained in Ref. 

a cut in the number of resonances is needed 
in the procedure to perform the functional 
integration. 

2. As the Lagrangian of Eq. only considers 
terms with the minimum number of deriva- 
tives, 0(p 2 ), the operators of Ci are con- 
structed by resonances and chiral tensors 
up to C(p 4 ). 



3. Although the number of operators in l|14(l 
is very large, one should keep in mind that 
we are studying only the divergent part of 
the couplings. We expect that most of the 
finite part of them must vanish in order to 
recover a good short-distance behaviour. 

Our result provides the running of the on, fif 
and Pi couplings through the renormalization 
group equations (RGE). From Eq. ljT5|) we get : 



7; 



16 7T 2 



(16) 



and, analogously, for fif and fif~ R ■ These re- 
sults can be potentially useful if we are interested 
in the phenomenological evaluation of the reso- 
nance couplings at this order. Within this issue 
it is interesting to take a closer look to the run- 
ning of the resonance couplings in the original 
R%T Lagrangian namely, c r d {^j), c r m {[i) and 
£^ (/•*)> once the large- Nc relations of the cou- 
plings are used |13| . Thus we predict no evolution 
for c r m (//) and d r m (/i) , while unfortunately we can- 
not conclude anything about c^(fi), as there are 
no known constraints on Xf s and Af s . 
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